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Gravitating magnetic monopole in Vaidya geometry
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A magnetic-monopole solution of a non-Abelian gauge theory as proposed by ’t Hooft and
Polyakov is studied in the Vaidya spacetime. We find that the solutions of Einstein equations
generates a geometry of the Bonnor-Vaidya corresponding to magnetically charged null fluid with
Higgs field contributing a cosmological term. In the absence of the scalar fields the corresponding
Wu-Yang solution of the gauge theory still generates the Bonnor-Vaidya geometry, but with no
cosmological term.
PACS numbers: 04.20.Jb, 04.70.Bw, 14.80.Hv, 11.15.-q
I. INTRODUCTION
One of the most important works on Abelian gauge
theories was due to Dirac, who proposed a solution that
corresponds to a pointlike magnetic monopole with a
singularity string running from the particles position
to infinity [1]. This has led to considerable interest
among physicists on the possible existence of the mag-
netic monopole which was further intensified after ’t
Hooft [2] has proposed solutions for a magnetic monopole
which arises as a static solution of the classical equations
for Yang-Mills (YM) field coupled to Higgs fields (see also
Polyakov [3]). He pointed out that a unified gauge theory
in which electromagnetism is embedded in a semisimple
gauge group would predict the existence of the magnetic
monopole as a soliton with spontaneous symmetry break-
ing. The ’t Hooft-Polyakov magnetic solutions are sim-
ilar to the Wu and Yang [4] classical monopole solution
to the SO(3) isospin gauge theory describing a magnetic
monopole which is pointlike and has a potential which
behaves like 1/r everywhere. It behaves like an Abelian
theory at large distance with the gauge-field resembling
that due to an Abelian Dirac magnetic monopole of mag-
netic charge 1/e; e is YM coupling constant. The ques-
tion that arises naturally is what happens when such
monopoles are coupled to gravity. The generalization
of the ’t Hooft-Polyakov solutions to curved space-time
also attracted lot of interest [5–10]. Bais and Russell [6]
and independently by Cho and Freund [7] found a solu-
tion to complete Einstein-Yang-Mills-Higgs (EYMH) sys-
tem yielding a geometry of ReissnerNordstro¨m-de Sitter
with the Higgs field contributing to a cosmological term.
Yasskin [5] gave a explicit algorithm so that from each
solution of the Einstein-Maxwell equations one can set
of solutions of EYM equations. A curved-space gener-
alization of the Wu-Yang solution is shown to be a spe-
cial case of Yasskin’s [5] solutions. More recently, us-
ing Yasskin’s [5] procedure, Mazharimousavi and Halil-
soy [11–13] have found a sequence of static spherically
symmetric HD-EYM black hole solutions. The remark-
able feature of this Wu-Yang ansatz is that the field has
no contribution from gradient and instead has pure YM
non-Abelian component.
It would be interesting to further consider nonstatic
generalization of ’t Hooft-Polyakov solutions. It is the
purpose of this paper is to obtain an exact nonstatic
solution of the Einstein field equations for a ’t Hooft
- Polyakov solutions in the presence of the null fluid,
i.e.,a nonstatic curved space-time generalization ’t Hooft-
Polyakov solutions in Vaidya geometry. The Vaidya ge-
ometry permitting the incorporations of the effects of null
fluid offers a more realistic background than static ge-
ometries, where all back reaction is ignored. The Vaidya
[14] and Bonnor-Vaidya [15] (charged Vaidya) solutions
are widely used to model black hole evaporation and to
solve the black hole evaporation problem. It is also com-
monly used as a testing ground for various gravitational
scenario and formulation of the cosmic censorship. For
a general method of obtaining spherically symmetric so-
lutions in Vaidya geometry, see Ref. [16–18]. The ex-
act solution obtained represents the generalization, for
EYMH system, of the solutions previously obtained by
Bais and Russell [6], by Cho and Freund [7]. In fact
from a physical point of view our solution seems to be
a more realistic candidates for the study of properties of
collapsing objects.
II. BASIC EQUATIONS AND SOLUTIONS
We consider SO(3) gauge theory with structure con-
stant C
(α)
(β)(γ), the YM fields F
(α)
ab , triplet of YM field A
(α)
a
and a Higgs triplet φ(α) (a = 0, . . . , 3 space-time indices
and α = 1, 2, 3 isospace indices). The standard Einstein-
Hilbert action becomes
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I =
∫ √−gd4x
[
−1
2
gabgsdF (α)as F
(α)
bd − gab(Daφ(α))(Dbφ(α))− µ2(φ(α)φ(α))−
λ
4
(φ(α)φ(α))
2
]
+ IN (1)
Here, g = det(gab) is the determinant of the metric tensor
and IN is the action of null fluid. The classical equation
of motion for YM fields are
F
(α)
ab = ∂aA
(α)
b − ∂bA(α)a + e ǫ(α)(β)(γ)A(β)a A
(γ)
b . (2)
The gauge covariant derivative Daφ
(α) is
Daφ
(α) = ∂aφ
(α) + e ǫ
(α)
(β)(γ)A
(β)
a φ
(γ). (3)
where ǫ
(α)
(β)(γ) is totally antisymmetric tensor. Variation of
the action (1) with respect to the metric gab, gauge field
A
(α)
a and Higgs field φ(α) leads to Einstein equation and
matter field equations. Higgs field vacuum expectation
value | < φ > | = F , where
F 2 = −2µ
2
λ
(4)
The mass of the Higgs particle is given by MH =
√
λF .
For the gauge and Higgs fields we employ the following
ansatz :
A(α)a = ǫ
b(α)
a(β) ηb r
(β)A(r), φ(α) = r(α)φ(r). (5)
where ηb = δ
v
b is timelike unit vector. To construct
spherically symmetric gravitating monopole solution in
Vaidya space-time we employ the Eddington coordinates
and adapt the metric of general spherically symmetric
space-time [16–18] given by
ds2 = −A(v, r)2f(v, r) dv2+2ǫA(v, r) dv dr+r2dΩ2 (6)
, where dΩ2 = dθ2 + sin2 θdφ2. Here A(v, r) is an arbi-
trary function. It is the field equation G01 = 0 that leads
to A(v, r) = g(v). However, by introducing another null
coordinate v =
∫
g(v)dv, we can always set, without the
loss of generality, A(v, r) = 1. Therefore the entire fam-
ily of solutions we are searching for is determined by a
single function f(v, r).
An exact solution for A(r) and φ(r) are determined as
φ(r) =
F
r
, φ(α) =
r(α)
r
F (7)
and
A(r) = − 1
e r2
, A(α)a = ǫ
b(α)
a(β) ηb
r(β)
r
1
e r
. (8)
That such a solution corresponds to a magnetic monopole
can be seen by inserting it into gauge-invariant general-
ization of the electromagnetic field tensor:
Fab =
φ(α)
|φ| F
(α)
ab −
1
e
ǫ(α)(β)(γ)
φ(α)
|φ| (Daφ
(β))(Dbφ
(γ)) (9)
which yields
Fab = −ǫab(α)
r(α)
r3
(10)
Clearly Fab satisfies Maxwell equations, except at r = 0,
and corresponds to magnetic field
−→
B = Q
−→r
r3
(11)
of a magnetic point charge with Q = 1/e. In this letter,
without loss of generality, we choose Q = Q(v). It is seen
that, for the metric (6), the matter field equation admits
solution Q(v) = 1/e. The Einstein equations is
Gab = Tab. (12)
Expressing the total energy-momentum tensor (EMT) as
Tab = T
G
ab + T
N
ab , (13)
where the gauge EMT TGab is
TGab = 2
[
gmnF (α)am F
(α)
bn −
1
4
gabg
mngstF (α)ms F
(α)
nt + (Daφ
(α))(Dbφ
(α)) (14)
−1
2
gabg
mn(Dmφ
(α))(Dnφ
(α))− gab
(
1
2
µ2(φ(α)φ(α)) +
λ
8
(φ(α)φ(α))
2
)]
(15)
3and the null fluid EMT is
TNab = ψ(v, r)lalb (16)
with ψ(v, r), the nonzero energy density and la is a null
vector such that la = δ
0
a, lal
a = 0. For a 6= b, T ab = 0
except for a nonzero off diagonal component T rv . It may
be recalled that EMT of a Type II fluid has a double null
eigenvector, whereas an EMT of a Type I fluid has only
one timelike eigenvector [19]. In addition, we observe
that the metric (6) requires that T vv = T
r
r .
Inserting Eqs. (7) and(8), we obtain the expression for
the gauge-field tensor which in spherically coordinates
becomes
F
(x)
θφ = −Q(v) sin2 θ cosφ (17)
F
(y)
θφ = Q(v) sin
2 θ sinφ (18)
F
(z)
θφ = −Q(v) sin θ sinφ (19)
all other components vanish. Putting this in expression
for EMT and setting β = µ4/λ, the EMT can be written
as:
T ab =


−Q2(v)
r4
+ β 0 0 0
ψ(v, r) −Q2(v)
r4
+ β 0 0
0 0 Q
2(v)
r4
+ β 0
0 0 0 Q
2(v)
r4
+ β

 .
Here β is contribution from scalar field due to sponta-
neous symmetry breaking. In the limit, β = 0, EMT is
same as in charged null fluid because Daφ
α vanish every-
where and does not contribute to EMT.
For the EMT (13) and with the metric (6), the Einstein
equations (12) reduce to:
ψ = −1
r
∂f(v, r)
∂v
, (20a)
1
r
∂f(v, r)
∂r
− 1
r2
+
f(v, r)
r2
= −Q
2(v)
r4
+ β, (20b)
1
2
∂2f(v, r)
∂r2
+
1
r
∂f(v, r)
∂r
=
Q2(v)
r4
+ β (20c)
It may be noted that in view of Eq. (3), the gauge
field has only the angular components nonzero and they
go as r−2 which in turn makes TGab go as r
−4. The null
fluid part will be given by T rv = ψ(r, v). The last two
equations are not independent and it suffices to integrate
Eq. (20b) to give
f(v, r) = 1− 2M(v)
r
+
Q2(v)
r2
+ β
r2
3
(21)
where M(v) is an arbitrary function of v. Since YM TGab
go as r−4 (the same as for Maxwell field in N = 4), that
is why its contribution in f as in 4-dimensional Reissner-
Nordstro¨m static or Bonnor-Vaidya radiating black-hole
[21]. Thus the metric describing the in (v, r, θ, φ) coordi-
nates reads as:
ds2 = −
(
1− 2M(v)
r
+
Q2(v)
r2
+ β
r2
3
)
dv2
+2 dv dr + r2dΩ2 (22)
From Eq. (20a), we obtain the energy density of the null
dust with gauge charge as
ψ(v, r) =
2
r2
dM(v)
dv
− 2Q(v)
r3
dQ(v)
dv
(23)
and YM energy density and transverse stress are given
by
ζ(v, r) =
Q2(v)
r4
− β (24)
P (v, r) =
Q2(v)
r4
+ β (25)
The family of solutions discussed here, in general, belongs
to Type II fluid defined in [19]. These are same results as
one would expect for charge null dust in the Abelian the-
ory, i.e., the geometry is precisely of the Bonnor-Vaidya-
de Sitter [15, 20] form and the charge that determines the
geometry is YM gauge charge, whereas the Higgs field β
playing the role of a cosmological constant, from a for-
mal mathematical point of view. Thus we can also say
that any solution of the Einstein-Maxwell system is also
solution of the Einstein-Yang-Mills (EYM) system.
The Kretschmann scalar (K = RabcdR
abcd, Rabcd is
the Riemann tensor) for the metric (22) reduces to
K =
48
r6
[
M2(v)− 2
r
Q2(v)M(v) +
7
6
Q4(v)
r2
]
+
8
3
β2 (26)
So the Kretschmann scalar diverges along r = 0. The
Weyl scalar (C = CabcdC
abcd, Cabcd is the Weyl tensor)
reads
C =
48
r6
[
M2(v)− 2M(v)Q
2(v)
r
+
Q4(v)
r2
]
(27)
which also diverges along r = 0.
In the rest frame associated with the observer, the
energy-density of the matter will be given by,
ψ = T rv , ζ = −T tt = −T rr =
Q2(v)
r4
− β, (28)
and the principal pressures are Pi = T
i
i (no sum conven-
tion).
a) The weak energy conditions (WEC): The EMT obeys
inequality Tabw
awb ≥ 0 for any timelike vector, i.e.,
ψ ≥ 0, ζ ≥ 0, Pθ ≥ 0, Pφ ≥ 0. (29)
We say that strong energy condition (SEC), holds for
Type II fluid if, Eq. (29) is true., i.e., both WEC and
4SEC, for a Type II fluid, are identical.
b) The dominant energy conditions : For any timelike
vector wa, T
abwawb ≥ 0, and T abwa is nonspacelike vec-
tor, i.e.,
ψ ≥ 0, ζ ≥ Pθ, Pφ ≥ 0. (30)
Clearly, (a) is satisfied if Q2(v) ≥ βr4. However, ψ > 0
gives the restriction on the choice of the functions M(v)
and Q(v). From Eq. (28), we observe ψ > 0 requires,
2
r2
dM(v)
dv
>
2Q(v)
r3
dQ(v)
dv
(31)
We note that the stress tensor in general may not obey
the weak energy condition. In particular, if dM/dQ > 0
then there always exists a critical radius rc = QQ˙/M˙
such that when r < rc the weak energy condition is al-
ways violated. On the other hand, the DEC may not
hold.
Thus, we have constructed an explicit nonstatic mag-
netically charged null fluid solutions of a non-Abelian
gauge theory coupled to gravitation and Higgs field.
Thus we have exact Vaidya like solutions of the Einstein-
Yang-Mills-Higgs model. This yields same results as one
would expect for a charge null fluid in the Abelian theory,
i.e., the geometry is precisely of the Bonnor-Vaidya form
and the charge that determines the geometry is magnetic
charge (1/e) with Higgs field contributing to cosmolog-
ical constant like term. The geometry becomes asymp-
totically flat in the absence of the scalar field. Thus we
found generalization of the model discussed previously
by Bais and Russell [6] and independently by Cho and
Freund [7]. Now a few comments are in order: (1) If
one adds cosmological term to the Lagrangian, then the
solution (21) requires additional term:
f(v, r) = 1− 2M(v)
r
+
Q2(v)
r2
− (Λ − β)r
2
3
(32)
It may be noted that Eq. (32) has three types of solu-
tions, namely, Bonnor-Vaidya-de Sitter, Bonnor-Vaidya
and Bonnor-Vaidya-anti-de Sitter solutions depending on
whether Λ > β, Λ = β, or Λ < β respectively. (2) Fur-
ther, when the magnetic charge is switched off, i.e. if
Q2(v) = 0, then, from Eq. (22), one obtains Vaidya-de
Sitter metric and if both Q2(v) = β = 0 one gets Vaidya
metric. (3) Another case is obtained if both M = Q =
constant. By introducing the transformation
dt = dv −
(
1− 2M
r
+
Q2
r2
+ β
r2
3
)−1
dr (33)
Eq. (22) becomes
ds2 = −
(
1− 2M
r
+
Q2
r2
+ β
r2
3
)
dt2
+
(
1− 2M
r
+
Q2
r2
+ β
r2
3
)−1
dr2 + r2dΩ2 (34)
which is the same as that given by Bais and Russell [6]
and Cho and Freund [7]. Thus, as mentioned earlier,
several known models can be recovered from our analysis.
III. CONCLUDING REMARKS
Because of the complex nature of the full Einstein
equations, the metrics with special symmetries are used
to construct gravitational collapse models. One such case
is the two-dimensional reduction of general relativity ob-
tained by imposing spherical symmetry. Even with this
reduction, however, very few inhomogeneous exact non-
static solutions have been found. One well-known ex-
ample is the Vaidya metric[14]. In view of this, the
solutions presented here can be useful to get insights
into more general gravitational collapse situations and
to model the dynamical evolution of a Hawking evapo-
rating black holes. It would be useful to investigate the
back reaction of an evaporating black hole with magnetic-
monopoles and also the changes in the structure and lo-
cation of the horizons when a black hole with magnetic
monopole radiates. Our solution can be also utilized to
study Vaidya collapse with a magnetic monopole field
and examine the formation of black holes and naked sin-
gularities and examine how the perturbation induced by
the external matter fields affect the formation or oth-
erwise of the naked singularity. The relevant question is
whether the effect of such external fields could remove the
occurrence of the same. Indeed, one can claim that the
space-time discussed here has same singularity behavior
as the Bonnor-Vaidya-de Sitter [20] due to mathematical
similarity of our solution with that of Bonnor-Vaidya-de
Sitter. For Bonnor-Vaidya-de Sitter case, shell focusing
strong curvature naked singularities do arise and hence
in our model as well the naked singularity definitely de-
velops. In that sense, the gauge charge does not remove
the naked singularity, which thus displays stability with
respect to this particular mode of perturbation. The use-
fulness of these models is that they do offer opportunity
to explore of properties of singular space-time and, in the
case of curvature singularity to address issue such as lo-
cal or global nakedness and strength. These and other
related topics are under investigation [21].
It also serves to illustrate the much richer interplay
that can occur among particle physics and general rela-
tivity when more involved theoretical models are consid-
ered. As a final remark, it would be also interesting to see
how the results get modified in higher dimensional space-
time with the Gauss-Bonnet combination of quadratic
curvature terms [21].
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